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Report: Spatial Facilitation-inhibition Effects





Changes in the spatial distribution of vegetation respond to variations in
the production and transport mechanisms of seeds at different locations sub-
ject to heterogeneities either characteristic of the soil or produced by other
agents. In semi-arid environments, the canopy of established plants usually
produces beneficial effects on the establishment and growth of other young
plants. However, the competition for water and nutrients pushes the super-
ficial plants’ roots to obtain the scarce resources from relatively far away,
resulting in competitive effects at long ranges, in comparison with the facili-
tation influences at short ranges. In particular, seedlings that land within a
region with high competition for scarce resources might likely not survive.
The introduction of spatial diffusion in chemical reacting systems is well-
known to be the source of instabilities: homogeneous solutions, without the
consideration of space, are not the only possibility but new spatially het-
erogeneous solutions emerge. In our context, we assume that vegetation
biomass interacts with itself in two different ways, depending on the relative
distances. Are these interactions enough to produce the spatial patterns that
are casually observed in semi-arid environments? Although this interesting
question has been explored extensively, the model that we present here has




Changes in the spatial distribution of vegetation respond to variations in the
mechanisms of production and transport of seeds at different locations and to
spatial homogeneities, either characteristic of the soil or produced by biotic
and abiotic agents. In unfavorable environments the canopy of established
plants usually produce beneficial effects on the establishment and growth of
other young plants. For instance, it is known that the area under canopies
tend to be richer in organic nutrients, it prevents evapotranspiration, and
increases protection against harmful effects of some natural elements, [6]. By
contrast, in the absence of water or nutrients the superficial plants’ roots are
known to obtain the scarce resources from far away, resulting in competitive
effects at long ranges in comparison with the facilitation influences at short
ranges. In particular, seedlings might likely fail establishing if they are within
a region where competition for resources is dominant.
Here we use a discrete-time population model that includes re-distribution
of seeds in space. This kind of model, known as integro-difference equations
(IDE), has been widely studied in recent years, see for instance [4].
We are interested in perennial vegetation, for which we consider sepa-
rately and in succession three processes: (1) transport of seeds in space, (2)
possible impact of competition, and (3) survival of vegetation to the next
time cycle. The density of vegetation at location x and time t is denoted by
nt(x).
2.1 Redistribution of seeds
We assume that the amount of seeds produced by the individuals at some
point y is relatively large and given by F (nt(y)), for some predetermined
function F . These seeds are transported through the environment, which we
assume isotropic, and subsequently land. We assume that the distribution
of the landing locations is described by a normalized, symmetric kernel k,





k(x− y)F (nt(y)) dy, (1)
where the sub-index t + 1/3 is used here just to indicate that this is an
intermediate step and Ω is some interval.
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2.2 Competition effects at long distances
When seeds land relatively close to other plants they might improve their
chances of successful germination and subsequent growth, but vegetation
clusters extract vital resources from peripheral locations, in detriment of
seedlings in those areas. We attempt to approximate the cumulative in-
hibition effects on seedlings at each location x by using the integral of a
positive function, bounded by one, that can be used to represent the fraction
of seedlings that survive to the next cycle,
nt+2/3(x) = nt+1/3(x)
1−
cumulative inhibition︷ ︸︸ ︷∫





where the inhibition at a point x depends on the current distribution of
vegetation biomass and the distance to that point. Thus we write
h(x− s, nt(·)) =
{
G(nt(s)) if d ≤ |x− s| ≤ d+ a
0 otherwise
as a function that regulates the intensity of competition in the two patches
of length a located at distance d > 0 away from the the point s. The length
a and the distance d are characteristic of the vegetation and terrain types,




(1− exp(−bnt(s))) , b > 0, (3)
which creates an inhibition effect in relation to the vegetation density. Thus,
if the density nt(s) is close to zero then the cumulative inhibition, computed
by the integral of h in (2), will be negligible and thus most of the seedlings
will successfully be preserved, becoming vegetation for the next time cycle.
But if nt(s) is relatively large then the cumulative inhibition is close to one
and therefore most of the seedlings will not survive to the next cycle.
2.3
The combination of the ideas above and the inclusion of the term for survival
λnt(x), 0 ≤ λ ≤ 1, give an expression for the population density in the next
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Figure 1: Visual Display of the Model
time step at each point of space x,
nt+1(x) = (Ψnt)(x)
∫
k(x− y)F (nt(y)) dy + λnt(x) (4)
where (Ψnt)(x) = 1−
∫
h(x−s, nt(·)) ds represents the intensity of inhibition
due to vegetation biomass, which is in contrast to a predetermined “habitat
quality function”, used for instance by Latore et al. in [1], as a measure of
how seed establishment is affected by fixed environmental conditions.
By replacing the population densities in the iteration (4) with an arbitrary
continuous function u = u(x) and labeling the operator on the right hand
side with A, equation (4) can simply be written as u = Au. By assuming that
the function F and its derivative are bounded it can be argued that, given
an initial condition, the iteration in (4) converges to the unique solution of
u = Au under mild conditions on the parameter λ.
2.3.1 Example
We illustrate in Figure 2 computations using equation (4). The population
reproduction is linear, i.e. F (n) = rn with r = 0.7, the kernel for the
spatial spread is a Gaussian with mean zero and variance 0.001, the initial
distribution of the population is given by exp (−x2/0.005), d = 0.15, a =
0.25, and b = 5.
The patterns observed are the result of the self-organization that emerges
from a symmetry-breaking instability. In other words, cooperative and in-
hibitory interactions at different ranges induce heterogeneous distributions
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Figure 2: Computations using equation (4). The pictures were obtained
by changing the parameter value for survival, all the other parameters were
kept identical, see the text for details. Left: Sustained oscillations in space
appeared for λ = 0.75. The spikes observed emerge and grow until reaching
some high that itself seems to be slightly oscillatory. The small emerging
spikes seen at the sides appear due to stopping the computations. Right:
Oscillations fade in space with a traveling density front of fixed high moving
away from the origin, λ = 0.55.
of vegetation with wavelengths determined by the interactions at the two
spatial scales, [5] pg 241.
3 Numerical Results
Varying the size of the inhibition zone and strength of inhibition in our model
produces two different general shapes, varying greatly in magnitude. To em-
phasize the extreme cases of these shapes, we refer the reader to figures 4-8
located in the appendix. Figure 8 provides examples of ‘Type III Oscillations
where the lower bound tends to flatten off as a result of increasing the size of
the inhibition zone. Conversely, figure 4 shows a case where the decreasing
the size of the inhibition zone leads to the extreme case of Type I Oscilla-
tions, where there are almost no patches where seeds can survive. This leads
to the resulting scatter plot presented in figure 3, where the label Type II
Oscillations refers to plots similar to the plot presented on the right hand
side of figure 2.
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Figure 3: Variations of Seed Distributions among Selected Parameters
4 Conclusion
The results of the computations proposed in this model suggest that the
emergence of fertility islands in semi-arid environments can be described
completely using the events of inhibition and facilitation. The spatial fre-
quency at which vegetation fluctuates depends on the parameters a and b
which are entirely characteristic of the vegetation species under considera-
tion. It is also suggested that the patterns observed are resilient in time,
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c l e a r
L = 40 ;
R0 = 0 . 7 ; % reproduct ion ra t e
s i g 2 = 0 . 0 07 ; %Dipsacus s y l v e s t r i s : 0 . 0 225 ;
d = 0 . 2 0 ;
a = 0 . 4 0 ;
b = 10 ; % st rength o f i n h i b i t i o n
s = 0 . 9 5 ; % su rv i v a l
C = 20 ; %car ry ing capac i ty
Tsteps = 260 ;
np = 2ˆ11;
dx = L/np ;
P=2;
x = l i n spa c e (−L/P,L/P−dx , np ) ;
xx = l i n spa c e (−L ,L−dx ,2∗np ) ;
dp = f l o o r (d/dx ) ;
ap = f l o o r ( a/dx ) ;
PAD = ( abs (xx<=L/P) ) ;
K = 1/ sq r t (2∗ pi ∗ s i g 2 )∗ exp(−xx .ˆ2/(2∗ s i g 2 ) ) ; %GAUSS
%K = 1/ sq r t (2∗ s i g 2 )∗ exp(− sq r t (2)∗ abs ( xx )/ sq r t ( s i g 2 ) ) ; %LAPLACE
K = K/(dx∗sum(K) ) ;
Nin i t = exp(−(xx ) . ˆ 2 / 0 . 0 0 5 ) ;
N = Nin i t .∗PAD;
FGAUSS = f f t ( f f t s h i f t (K))∗ dx ;
l e f t l i m = (P−1)∗L/(P∗dx ) ;
r i gh t l im = l e f t l i m+2∗L/(P∗dx ) ;
g = ze ro s ( Tsteps , l ength (N) ) ;
f o r t=1:Tsteps
G = (1−exp(−b∗N))/(2∗ a ) ;
INH = zero s (1 , l ength ( xx ) ) ;
f o r j=l e f t l i m : r i gh t l im
INH( j )=(sum(G( j−dp−ap : j−dp))+sum(G( j+dp : j+dp+ap ) ) )∗ dx ;
end
%N = R0∗N;%./(1+(R0−1)∗N) ;
FN = f f t (N) ;
X = abs ( ( i f f t (FN.∗FGAUSS) ) ) ;
N = R0∗X.∗(1−X/C) ;
N = N.∗(1−INH)+s ∗N;
%N = N.∗(1−INH)+( s+0.1∗ randn (1 , l ength ( xx ) ) ) . ∗N;
N = N.∗PAD. ∗ (N>0.0000001) ;
%====================================================
% Ind iv idua l p l o t s
%====================================================
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f i g u r e (1 ) , %hold on %subplot (1 , 2 , 2 )
p lo t ( xx ,N, ’ r ’ ) , ax i s ([−L/P,L/P, 0 ,max(N) ] ) , %hold o f f
x l ab e l ( ’ space ’ , ’ FontSize ’ , 1 6 ’ )
y l ab e l ( ’ vege ta t i on dens i ty ’ , ’ FontSize ’ , 1 6 ’ )
%
%=∗=∗=∗=∗=∗=∗=∗=∗=∗=∗=∗=∗=∗=∗=∗=∗=∗=∗=∗=∗=∗=∗=∗=∗=∗=∗
% g( t , : ) = N;
end
% f i g u r e (1 )
% p lo t (xx ,N, ’ k ’ )
% x l abe l ( ’ space ’ , ’ FontSize ’ , 1 6 ’ )
% y l abe l ( ’ vege ta t i on dens i ty ’ , ’ FontSize ’ , 1 6 ’ )
%=========================================================
% Space−time p l o t s
%=========================================================
% minTsteps = 1 ;
% [X,Y] = meshgrid (xx , minTsteps : Tsteps ) ;
% subplot (1 , 2 , 2 )
% su r f (X,Y, g (minTsteps : Tsteps , : ) ) , shading f l a t
% c = co lo rba r ;
% %c . Label . S t r ing = ’ vege ta t i on biomass ’ ;
%
% %ax i s ([−L/P,L/P, minTsteps , Tsteps , 0 , 0 . 7 ] )
% x l abe l ( ’ space ’ , ’ FontSize ’ , 1 6 ’ )




Here we provide selected graphs used to generate the scatter plot shown in
Figure 3. Naturally, the categorization of “Light Oscillations”, “Standard
Oscillations” and “Heavy Oscillations” are subjective, but the general trend
of variations in the oscillations are easier to visualize with the given display.
For future assessment, we provide the plots here. If even further analysis if
desired, the code needed to produce the desired graphs is found in section A
of this Appendix.
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Figure 4: Plots generated where a = 0.35 in order of increasing b
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Figure 5: Plots generated where a = 0.375 in order of increasing b
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Figure 6: Plots generated where a = 0.40 in order of increasing b
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Figure 7: Plots generated where a = 0.425 in order of increasing b
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Figure 8: Plots generated where a = 0.45 in order of increasing b
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